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Compressible Navier-Stokes equations

We consider in [0,7) x 2, Q C R* (a bounded Lipschitz domain) the
following system of equations

Continuity equation

D—

00+ divy(ou) =0 (1)
Momentum equation
9 (ou) + divy(ou ®@ u) + V,p(o) = div,S(V,u) (2)
Boundary conditions
u ‘(O,T)XBQ =0 ®)
Initial conditions
Q(va) = QO(x)u gu(O,x) = Q()ll()(x). (4)
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Viscous stress

|

S(V,u) = M(qu + (Vo) — §divxuﬂ) + pdivyull, (5)

Pressure 1 : monotonicity and regularity

p € C[0,00) N C*(0,00), p'(0) >0 (6)

Pressure 2 : growth at infinity

|
A\

/
0
2O _pes0 v>3 ™

lim
o—o0 oV

Helmholtz function H

ot (o)~ Ho) =plo), H@) =0 [ "

| \

\

Relative (potential) energy function E

E(o,r) =H(o) —H'(r)(e —r) — H(r)
E(g,r) 20, E(o,r)=0 & o=r

N




Weak solutions

Functional spaces

o(t,x) >0foraa (z,x) € (0, T) x Q, 0€ L®(0,T;L7()),
ou € L®(0, T; L3471 (Q; R%)), ou? € L=(0, T; L'(R2)),

u € L2(0, T; Wy > (Q; R3)).

Continuity equation

0 € Cyeuk ([0, T]; L7(22)) and equation (1) is replaced by the family of
integral identities

J

for all = € [0, 7] and for any ¢ € C'([0,7] x Q) ;

T:/ /(98t<p+@u’vx<p)dxdt (8)
0 0 JO

A\




Momentum equation

|

ou € Cyeak ([0, T];Lw%l (€2; R?)) and momentum equation (2) is satisfied
in the sense of distributions, specifically,

fie
Q

Z/ /(Quﬁﬁp—#@u@utvxnp) dxdt 9)
0 0 Ja

// 0)divyp — S(V,u) : ngo>dxdt

for all 7 € [0, 7] and for any ¢ € CL([0,T] x Q; R?);

| N,

Energy inequality

1
Qll +E(0,0
LG

fora.a. 7 € (0,T), where g > 0.

/ / V,u) : Vu dxdr <0, (10)
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Existence of weak solution

Finite energy initial data

|

0759020,/Egou(2)+E(g0|§)dx<oo. (11)
Q

Weak solutions : 98 (v > 2), ,02(y > 2)

Under assumptions on the initial data (11) and pressure (6), (7) with
~ > 3/2, the compressible Navier-Stokes system (1-5) admits at least
one weak solution.
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Dissipative solutions

Relative entropy

(e ] n0) = [ (Jau-UP +E(eln) ax

Relative energy inequality
r,U)(T)—F/ /S(Vx(u—U)> :Vx(u—U) dx dr
0o Ja

#(0),U(0)) +/OTR<g,u

where the remainder R is given by the r.h.s. of formula (13) and the
test functions are the same as in formula (13).

E(o,u

< E(00, 10

o U) dr
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Relative entropy (relative energy) inequality

/( olu — U + E(o| )) @] (12)
[ (s (- 0) ava
// (V.U) ) dxi
+/O /Qg 6,U+u-VxU)~(U—u) dudr
_/T/ 0)div,U dx dr
[ ] (ann - 2w va)) ava

re CH[0,T] xQ), r>0,U € C[0,T] x Q).

for all



Existence of dissipative solutions

Dissipative solutions : ,2011

Under assumptions on initial data (11) and pressure (6), (7) with
~ > 3/2, the compressible Navier-Stokes system (1-5) admits at least
one dissipative solution.

| \

Weak solutions are dissipative : , 2012

Under assumptions on initial data(11) and pressure (6), any weak
solution of the compressible Navier-Stokes system (1-5) is a
dissipative one.




Relative entropy with (r, U) strong solution of CNSE

| (Gem-vr s £in) o (13)
o[ [3(a0-0) 5. fa-0) e
7/0/Qg—r(a,UJrU-vxu)-(U—u)dxdt
—/OT/QQ(u—U)-va)-(U—u)dxdt
[ [ (o -rore-n- (r))divadxdt
//Q

r) dxdt.




Relative entropy and stability

Weak strong uniqueness, stability 2012

Let the pressure be C?(0, c0) function satisfying (6), (7) with v > 3.
Let (o,u) be a weak solution to the compressible Navier-Stokes
equations (1-5) emanating from the initial data (go,uy), and let (r, U)
be a strong solution of the same system emanating from the initial
data (ro, Up). Then there exists ¢ = c(Q, T, ||~ |0,00, |7 1,005 [[U][1,00)
such that

E(Q,u

r, U) < cé'(go, ug

ro, U())




Some bibliographic remarks (non exhausting)

Relative entropy method was introduced to the fluid mechanics by
Dafermos (90’s) in the context of conservation laws. It was broadly
used for the Boltzman equation (Golse, Saint-Raymond, Ukai, .. .).
Inequalities of this type were employed ad-hoc with specific test
functions in the case of compressible Navier-Stokes equations for the
investigation of low Mach-high Reynolds number limits (Masmoudi,
Jiang, Wang, . ..). Weak strong uniqueness is a challenging problem
mentioned in Lions (98), tempted by Desjardin, 2002 Germain, 2008,
who obtained conditional results. The notion of dissipative solutions
has been introduced by Lions (98) for the incompressible euler
equations, and weak-strong uniqueness in this case has been proved.
Theorems on weak solutions, dissipative solutions, relative entropy
inequality, weak-strong uniqueness, ... can be obtained also for the
complete Navier-Stokes-Fourier system (describing heat conducting
flows) in the conservation of energy formulated in terms of the
balance of entropy, Feiresl, N., 2009,2012. Can be generalized to
unbounded domains and other boundary conditions Jesslé, Jin.
Weak-strong uniqueness theorem can be viewed as an
”compressible counterpart of celebrated Prodi-Serrin conditions for
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Compressible Navier-Stokes equations on thin

domains

We consider the barotropic Navier-Stokes system describing the
motion of a compressible viscous fluid confined to a straight layer
Q. =w x (0,¢e), where w is a particular 2-D domain (a periodic cell,
bounded domain or the whole 2 — D space).

00+ div(pu) =0 in (0,7) x Q., (14)

O(ou) + div(pu ® u) + Vp(p) = divS(Vu) in (0,T) x .. (15)
Equations are completed with the initial conditions

0(0,x) = poe(x), u(0,x) =ug(x), x€Qe (16)

and boundary conditions that will be specified later.
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Goal : investigate the limit process = — 0, provided the initial
data [ -, uy -|(x) converge in a certain sense to

[r0, Vo] (x) = [Vo,n, O] (x1)-

Will the sequence [g., u.](t,x) of (weak) solutions converge to

[r, V](t,x,), V = [w,0], where the couple [r(t,x;,), w(t,x;)] solves the
2 — D compressible Navier-Stokes equations on the domain w :

Or + div,(rw) = 01in (0,T) X w, (17)
row + rw - Vyw + V;p(r) = divy, S, (Vyw) in (0, T) X w, (18)
r(0,x,) = ro(xn), w(0,xn) = Wo := Vo u(xp), X € w, (19)

where

Sh(Vyw) = u(V;,w + (VW) — div;,w) +(n+ %)divhw]lh,
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Our goal is to justify the above (formal) limit in the framework of weak
solutions of the primitive system (14), (15), (25).

Several geometrical situations :

- Periodic layers.

- Layers over bounded domains w with no-slip conditions on dw.

- Layers over bounded domains with slip conditions.

- Some particular cases of unbounded layers.
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Compressible Navier-Stokes system (14-25) on Q. = w x (0,¢),
where w C R? is a bounded domain.

u|(’)w><(0,a) =0, u- n|w><{0,5} =0, [S(vu) : n] X n|w><{0,6} =0. (20)
Rescaling of the equations to a fixed domain.
QE > (xh,5x3) — (xh,)C3) €= Q], where Xp = (xl,xg), (21)

Here and hereafter, we denote

v€ = (Vh7 23X3)5 Vh = (8)6178)(2)7

. . 1 .
div.u = divyvy, + g6X3V3, v, = (Vl, \12)7 divyv, = axlvl + 8x2V2-
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Denoting the new density and velocity again by o, u, we may rewrite
system (14-25) as follows :

0o+ dive(ou) =0 in(0,T) x Q, (22)

Oi(ou) +dive(pu @ u) + Vep(p) = diveS(Veu) in (0,7) x Q,  (23)

with the boundary conditions
Ulawx(0,1) = 0, w-nlyxo13 =0, [S(Vu) -n] xnfyxp03 =0. (24)

0(0,x) = goe(x) w(0,x) =wp(x), x€N (25)

(where 0o - (x) = 00, (xn, €x3), o, (x) = Ug (x5, £x3), Cf. (?7?)).
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Definition

We say that [o, ] is a finite energy weak solution to the compressible
Navier-Stokes (14 - 15) with initial conditions (25) and boundary
conditions (24) in the space time cylinder (0, T) x 2 if the following
holds :

@ the functions [, u] belong to the regularity class
{ 0€ L>([0,T|;L7(R)), 0> 0a.a. in(0,T) x Q, v> 3, }

u e L20,T; Wa* (4 R?), ou? € L>([0,T]; L'());
(26)
@ o € Cyeu([0, T]; L7(Q2)) and the continuity equation (14) is
satisfied in the weak sense,

/QQSO dx(7) — /Qeoﬁp ) dx = / / Op+u- ggo)dxdt

(27)

for all € [0, T] and any test function ¢ € C([0,T] x Q) ;
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Definition

@ ou € Cyeui ([0, T]; L2/ H1(Q)) and the momentum equation (15)
holds in the sense that

/ ou- ¢ dx(r) — / 0<,0uc,09(0, ) dx (28)
Q Q

T
= / / (g@,@ +ouu: V.p+ p(o:)divep dx dr
0o Ja

7/ /S(Veu):vsgodxdt
0 Jo

forall T € [0,T] and for any ¢ € C°([0,T] X O R®), ©3]ux 0,13 =0
@ the energy inequality

/Q[Q|u|2+H ] dx+//S ) :Vouded:  (29)

(Qo,s)] dx
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Existence of weak solutions

There exists weak solutions for the above problem with S, p and
[0=.0, ue o] Verifying assumptions (11), (6), provided the domain w is
Lipschitz. Moreover, any weak solution satisfies below relative
entropy inequality (30) with the remainder (31),

E (Q,u

U) (T)+/()T/Q(s(vg(u—U)) . V.u—U)dedr  (30)
R (0,u, r,U) ;:/ g(&,UJru'VsU)-(Ufu)dx (31)
Q
+/ S(V.U) : V.(U - u) dx
Q

+ [ (= 008 (7) + Ve () (U - o)) e | iU (ple)-p(r)) 0
Q Q
where the test functions satisfy

re CY([0,T] xQ), r>0 (32)

Ue c'([0,T] x O R%), Ulpux0,1) =0, Usluxqo,} = 0.
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Target system and the main result

The expected target system is system (17—19) endowed with the no
slip boundary conditions :

W[, = 0. (33)

Target system

Let D be a positive constant. Suppose that p € C?(0, ), ow € C* and
that
ro € WH(w), infry > 0, wo € W>?(w; R?), (34)
1 .
== (vhp(r()) = lehSh(thO) -+ rowp - th()) ‘ =0. (35)
ro ow

V.
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Target system
Then there exists T = Ty, (D) such that if

[I7ollw22(w) + IWollwo2(wsw2y + 1/ infro < D,

then the problem (17-19), (33) admits a unique strong solution (in the
sense a.e. in (0,T) x w) in the class (36), (37).

re C([0,T); W**(w)), w € C([0,T); W»*(w; R*)) N L*(0, T; W2 (w; R?))

(36)
dr € C([0,T); WH*(w)), 8w € L*(0, T; W?*(w; R?)).
In particular,
O<r= inf r(t,xp) < sup r(t,xp) = 7. (87)

(t,x1)€(0,T) Xw (t,x)€(0,T) X w

4
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Main result

Let 0w € C?, p satisfies hypotheses (6), ry, wy satisfy assumptions
(34), (35) and let T,.x > 0 be the life time of the strong solution to
problem (17-19), (33) corresponding to [ry, wo).

Let [o-, u.] be a sequence of weak solutions to the 3 — D
compressible Navier Stokes equations (14-25), (24) emanating from
the initial data [go., uo c]. Suppose that initial data satisfy

5(90,57110,5 ro,Vo> — 0, (38)

where V, = [wy, 0].
Then

esssup,e(O,Tmax)é’(ga,uE r,V) — 0, (39)

where V(t,x) = [w(t,x),0] and where the couple (r, w) satsifies the
2 — D compressible Navier-Stokes system (17—19) with the boundary
conditions (33) on the time interval [0, Tiax)-
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0. — r strongly in L= (0, T; L7 (2)),
Vo.u. — +/rV strongly in L>(0,T; L*(€%; R*)),

o-u. — rV strongly in L>(0, T;L% (O R?)).
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Main ideas of the proof

-Estimate the left hand side of the relative entropy inequality (30) with
test functions [r, V], V = [w, 0] from below by

E(o,u|r,V)(1) + c/ luey, — VhHIZ‘z(Q;Rz)dt - c// E(0e,uc|r, V)ds
0 0
(40)
-Estimate the right hand side from above by
her) 8 [ luey = Vallsaydr +¢0) [ a0 (ocuc]r Viar - (41)
0 0

with any ¢ > 0, where ¢ > 0 is independent of 4, ¢’ = ¢/(6) > 0,
aeL'(0,T)and
he — 0in L>(0,T).
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Approximating system of PDEs for weak solutions

Approximating system
00 + div(ou)—cAp = 0,
Ono|‘a0 =0,

9 (ou) + div(ou ® u) + Vi(p(0)+d0")+eV.0- Vou

= pAu + (g + n)V,diva

ulpo =0

Weak solutions are obtained letting first ¢ — 0 and then § — 0. This is
not exploitable in the numerics !



Approximation by numerical schemes

Finite element/finite volume set-up
, since 2009, , since 2010

Convergence proof to the weak equations in the steady Stokes
equations (GHEL), weak solutions to the compressible Stokes (KK,
GHEL) and Navier-Stokes equations (KK) of several types of
numerical schemes, always with limitation - > 3. No error estimates
are available for the investigated schemes.
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Notations

K € T- regular partition of €2 into tetrahedrals of size A.
o = K|L € & - set of sides of tetrahedrals.
0<n<...<t, <...<T-time discretisation of step Ar.

o(tw, x) = Y ket Ok 1k (x) € L, - space of piecewise constants.

U(ty,x) & Y0 3, e 0o (x)e; € Wy = V) - the Crouzeix-Raviart
finite element space.
Upwind :

ok ifu, -mg >0
Y = ,  where o = K|L.
o1, otherwise

R 1 . 1
sz—/de, V[,:—/VdS
K| Jx o] Jo )
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Projections

I - WP Q) =V, M(U)=Ui=) Uso,
ocel
It 17(Q) - Ly, Dk(r)=r,= xlg
h h
KeT

Estimates involving projections

Lets=1,2, 1 < p < oo. There exists ¢ > 0 independent of i such that
forall K € T :

Vr e W"p(K), lrn = 7l ) < chl|Var|lw &),

YU € WP(K), ||U,—U

&) < ViU )
YU € W(K), [|ViUy — ViUl < ViU |-
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Some auxiliary estimates

Let 1 < p < co. There exists ¢ > 0 independent of 4 such that for all
KeT:

YU € W'?(K), ||Uy— Unx

|l &) < chl|ViUnllp ),

YU € W(K), U~ Ukl < chl| ViUl
YU € Wl’p(K), ||Uh = UUHIJ’(K) < ChHVXUHU’(K)-

Sobolev type inequalities

Let 2 < p < 6. There exists ¢ > 0 independent of # such that for all
KeT:

YU e W'P(K), ||U- Uk

3_1
k) < ch 72|V Vipk,

YU e WP(K), ||U-U,

3_1
&) < hr 2| ViUl| )
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Numerical scheme

n—1

KB 5 e a0,
og€€K

n N n—1a~n—1

okl — 0% W x A i .
D KIS b+ 3 Y ooy i v, kb kS
KeT KeT oeék

= > lolp(ek)mikdo
KeT oeék

+u Z / vxun : (vx¢a’ ® ei>dx+ (% +77) Z / diva” : 8,-¢gzdx = 07

K K

KeT KeT

o €E, i=1,23

u, =0 ifoe&x.

This a non linear algebraic equation. Existence of a solution

(0x > 0,ui o )keT oct,i=12,3

follows from the topological degree fixed point theory.



Energy inequality - continuous case

"Continuous” energy inequality

1 s
/fguzdx) +/ /M|qu|2 dxdr < 0
Q2 0 0 JOQ
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Energy inequality - discrete case

Hagtag? - o1 ) + 2 B (o) - i)

K

N —
l>‘>q

s

~n 1‘2

K 1|uK_uK |K| 11, n—1,n “91[1(_9;!(*”2
) ” 44,}{ wyI=A =R 1
; At 2 - g Y L

.23 Lioles (@ — a2 juy - nogl

K 065/@

Z Z ‘U‘HU (QK - QL) [u, - N, k|

K (765&

2 H )
; — <0.
+ EK (u/K|VAu| dx+(3+n)/K|d1vu| dx) <0



Discrete relative energy

1K |4 n ~n— Fn—
5% (9K| Uh K|2 — ok | ! Uh,l(l 2)
K
+Z X (etari) - B %)
n ny |2 M . n ny |2
#3019 = O+ (5 ) [ Jaiviar - Up )
% K 3 K
) 7 . .

< Z (u /K V.U s Vi(Uy = w)dx + (5 + 7)) /K divU,div(U, — u)dx)

K n—1  ~n—1 1 Fn—1 - e 1 (sn—1
+ 3 B o 3 -3 (O~ O3+ G0 B () —H (57
K

+Z Z ‘O’| n, up( n up a up) Uh ( n(r“’K)

K oe&k

_Z Z |U|P(QK)(ﬁZ,g "Ny k) Z Z lo|o2"PH (7%) (0" - n, k)

K oc&k K oeé&



Formulation of the error estimates

no.n 1 n (ym ~7 n s
E(" ", U) = Z EQK( h,K —uk)? + E(dkli%)
KeT

Example of an error estimate

Let e.g. p(0) = 0" and v > 3/2. Let (r, U) be a strong solution of the
compreessible Navier-Stokes equations emanating from the finite
energy intial data (ro, Up). Let (o, u) be the KK approximation of the
compressible Navier system emanating from the initial data (oo|uy).
Then there exists ¢ > 0 independent of &, At, o, u, such that

E(Qn’un T, U) < C<€(90,u0‘r0aU0) +h% + At)a

where

a{ 03 if3/2<7<2}

% ify>2
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Sketch of the proof : Treatment of the

ZZlUl@"“p(UZZP u )UhK(u )

K o€e&k
~ 30D loler (TriP — ) - (Uhk—Un) (0" - n)
K oec&k
~ 30D lolen (Uhk — i) - (Unk—Un) (" 1o )
K occ&k

~ >3 lolek (U x — ) - (Ohk—Un) (0" - i)

K o€e&k

~ 33 lolek (U — %) - (Unk = Ug) (= U3 ) - moc
K o€eé&k
+3° 3" lolek (Onx — %) - (Guk = Us)Us - moc

K océ&k
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>3 lolek (Ui x — ) - (Unk = Ua)Us - mo

K oceé&k

Z/rB,U~(u—Uh)+Z/rU~VU-(u—Uh)—&-...:...

Z/rU-VU-(u—U;,)zZ/%Kth,K-VU-(ﬁK—th,K)
k 'K k 7K

~ Z Z ?Kﬁth ‘g k(U — ﬁh.K) (g — fjh,K)

K oc& V9

~ Z Z |0 #%Unx - ok (Us — Upk) - (x — Up)
K oe&k

%Z Z |O'|;-K(UU 76/1,]() '(ﬁK_[AJhJ()ﬁg Ny g
K océ&k
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